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We study Cerenkov radiation from moving straight strings whih glisse with respet to eah other
in suh a way that the projeted intersetion point moves faster than light. To alulate this eet
we develop lassial perturbation theory for the system of Nambu-Goto strings interating with
dilaton, two-form and gravity. In the rst order one enounters divergent self-ation terms whih are
eliminated by lassial renormalization of the string tension. Cerenkov radiation arises in the seond
order. It is generated by an eetive soure whih ontains ontributions loalized on the strings
world-sheets and bulk ontributions quadrati in the rst order elds. In the ultra-relativisti limit
radiation exhibits angular peaking on the Cerenkov one in the forward diretion of the fast string in
the rest frame of another. The radiation spetrum then extends up to high frequenies proportional
to square of the Lorentz-fator of the relative veloity. Gravitational radiation is absent sine the
1+2 spae-time transverse to the straight string does not allow for gravitons. A rough estimate of
the Cerenkov radiation in the osmologial osmi strings network is presented.
PACS numbers: 11.27.+d, 98.80.Cq, 98.80.-k, 95.30.Sf
I. INTRODUCTION
During past few years the hypothesis of osmi strings reeived new impetus from superstring theory. Although
perturbative superstrings in ten dimensions are too heavy to be admitted as osmi strings, it was realized that there
are various possibilities for geometry of string ompatiations to aomodate four-dimensional strings with muh
lower tensions. Copious prodution of osmi strings is typial [1, 2℄ for the brane ination senario [3℄, in whih the
period of ination is assoiated with the ollision of branes. This senario provides an aeptable model of ination
and predits reation of osmi superstrings onsistent with the urrent CMB data. These strings typially have
lower tensions than the usual GUT osmi strings and thus they are not the main players in the formation of osmi
strutures, but their observational signatures ould provide a diret onrmation of the string theory. This stimulated
a detailed study of reation and evolution of the osmi superstring network within the KKLMMT model [4℄, raetrak
ination [5℄ and other partiular senarios [6, 7, 8℄ (for reent review see [9, 10, 11, 12, 13℄). One partiular feature
of the warped IIB ompatiations involved in these onsiderations is predition of two types of osmi strings:
F-strings (fundamental) and D-strings (Dirihlet) with dierent tensions µF , µD [14, 15, 16, 17℄. F and D strings
may also form the so-alled p, q− omposites [18℄ and provide for triple juntions [19℄ with new exoti observational
preditions. Typial values of the dimensionless parameter Gµ are in the interval (10−11−10−7). Another new feature
is that osmi superstrings generially have lower reonnetion probabilities lying in the range P ∼ (10−3 − 1). This
hanges osmologial evolution of the string network [20, 21, 22, 23, 24℄ leading in partiular to enhanement of the
fration of straight strings.
Both the string network evolution and their possible observational signatures ruially depend on radiation proesses.
In fat, it was reognized long ago that osillating loops of osmi strings generate large output of gravitational
waves [25, 26, 27, 28℄ at the level aessible for urrent and future detetors. Global strings produe massless axions
[28, 29, 30, 31, 32, 33℄ whih beome massive at a later stage of expansion, reating an observational onstraint on
the axion mass. In the models ontaining the massless dilaton (like osmi superstrings), the dilaton radiation from
strings may also onstrain the string tension parameter Gµ [34, 35, 36℄.
The main mehanisms of radiation in the string network whih have been explored so far were radiation from
smoothly osillating string loops and radiation from kinks and usps formed on them. It was taitly assumed that
straight unexited long strings do not radiate. Meanwhile, interation of long strings via massless elds gives rise to
another radiation mehanism of Cerenkov nature. When two straight non-exited Nambu-Goto strings interating at
a distane via dilaton, two-form and gravity glisse with respet to eah other, they get deformed in the viinity of the
point of their minimal separation. This point an propagate with a faster-than light veloity, provided the inlination
angle between the strings is suiently small. (For the stritly parallel strings this veloity is innite for any relative
string speed.) In this ase, the propagating deformation together with the assoiated eld tensions beome the soure
of Cerenkov radiation, whih is the eet of the seond order in interation of the string with massless elds. This
mehanism was suggested in [37℄ for gravitationally interating strings, but it turned out that, although the eet is
kinematially allowed, the orresponding amplitude is zero on the mass-shell of the graviton. The reason is that the
1 + 2 spae-time orthogonal to the straight string does note allow for gravitons. (However, gravitons are produed at
quantum level in the strings reombination and annihilation [38℄.) But Cerenkov mehanism works for other possible
2string massless exitations leading, e.g., to eletromagneti radiation from superonduting strings [39℄ or emission of
axions. The latter efet was reently studied in detail in the at spae-time [40℄. It was found that, although being of
the seond order in the axion oupling onstant, it still gives a onsiderable ontribution into the total osmologial
axion prodution by the string network.
Cerenkov radiation from straight strings is similar to bremsstrahlung of point harges in eletrodynamis. Moreover,
the system of parallel strings interating via a two-form eld in D spae-time dimensions is exatly equivalent to
the system of point harges interating with the vetor eld in (D-1)-dimensional spae-time. A distintion of the
Cerenkov mehanism of dissipation in the osmi string network from onventional radiation via formation of loops
an be understood as follows. Formation of loops from initially disonneted straight strings is eeted via diret
ontat interation of interseting strings. In our ase the long-range interation of strings via massless elds whih
an be potentially radiated underlies the formation of the superluminal radiation soure. Cerenkov radiation is a
higher order eet and thus potentially smaller. But it works for a wider set of initial data in the string network
(non-zero impat parameters of olliding strings), than that orresponding to interommuting strings. Also,as we will
show here, Cerenkov radiation is strongly enhaned in the ase of relativisti veloities. So it an still be non-small in
the osmologial setting. The detailed osmologial appliations remain outside the sope of the present paper, but
we give the rough estimates of the dilaton and two-form eld bakgrounds generated via Cerenkov mehanism in the
evolving string network.
In this paper we onsider Cerenkov radiation of moving straight strings interating with three massless elds: dilaton,
antisymmetri seond rank tensor (NS-NS or RR two-forms) and gravity. To failitate onstrution of the solution
of the oupled system of the Nambu-Goto and the eld equations in the seond order we introdue a diagrammati
representation similar to Feynmann graphs. In the rst order approximation one enounters divergenies whih are
ured by lassial renormalization of the string tension. Then the eetive soures of the dilaton and two-form radiation
are onstruted and the radiation rates are alulated.
The plan of the paper is as follows. In Se. 2 we give the general setting of the problem and introdue graphi
representation for lassial verties orresponding to interations of strings with dilaton, two-form and gravity and to
interations between the elds. Se. 3 ontains formulation of the perturbation approah and an expliit onstrution of
the seond order equations. In Se. 4 we reprodue in our framework the main features of lassial renormalization for
strings (in the lowest order of perturbation theory): elimination of salar and two-form divergenes via renormalization
of the string tension, and the absene of gravitational divergeny. In Se. 5 the rst order deformations of the string
world-sheets due to interation via the dilaton, two-form and linearized gravity are onsidered. The main alulation
is presented in Se. 6 where we onstrut radiation generating urrents by omputing the soure terms in the wave
equations of the seond order. These inlude the world-sheet loal terms and the bulk terms whih orrespond to
multiple seond order graphs inluding all relevant elementary verties. Radiation rates for the dilaton and the two-
form elds are omputed in the Se. 7 and analyzed in detail in the ase of ultrarelativisti veloities. Finally, in Se. 8
we present rough osmologial estimates and summarize our results in Se. 9.
II. ACTION AND EQUATIONS OF MOTION
We onsider a pair n = 1, 2 of straight Nambu-Goto strings desribed by the world-sheets
xµ = Xµn (σ
a
n), µ = 0, 1, 2, 3, σa = (τ, σ), a = 0, 1. (1)
Strings interat via the gravitational gµν ≡ ηµν + hµν , the dilaton φ(x) and the two-form (axion) Bµν(x). Using the
Polyakov form for the string ation, we present the total ation in the form:
S = −
∑∫ {µ
2
XµaX
ν
b gµνγ
ab√−γe2αφ + 2πfXµaXνb ǫabBµν
}
d2σ +
+
∫ {
2∂µφ∂νφgµν +
1
6
HµνρH
µνρe−4αφ − R
16πG
}√−g d4x, (2)
where the sum is taken over n = 1, 2 (the orresponding index is omitted for brevity). Our signature hoie is mostly
minus for the spae-time metri, and (+,−) for the world-sheets. The Levi-Civit a symbol is ǫ01 = −ǫ10 = 1, γab is
the metri on the world-sheet, and the lower Latin indies mean partial derivatives with respet to the world-sheet
oordinates Xµa ≡ ∂aXµ. The ation ontains four parameters: the string tension µ, the Newton onstant G, the
dilaton oupling α and the two-form oupling f . The antisymmetri three-form eld strength is dened as
Hµνλ = ∂µBνλ + ∂νBλµ + ∂λBµν . (3)
3Variation of the ation (2) with respet to Xµ leads to the equations of motion for strings
∂a
(
µXνb gµνγ
ab√−γe2αφ + 4πfXνb ǫabBµν
)
= XλaX
ν
b ∂µ
(µ
2
gλνγ
ab√−γe2αφ + 2πfǫabBλν
)
. (4)
The oordinate derivatives on the right hand side apply to the metri, dilaton and two-form elds, their values are
taken on the world sheet. The derivatives with respet to the world-sheet oordinates σa on the left hand side apply
both to the world-sheet quantities Xν(σa), γab and to the metri, dilaton and two-form elds, e.g., for the metri
∂agµν = X
λ
a ∂λgµν , (5)
and similarly for φ, Bµν . In this formalism γab is an independent variable; variation of the ation with respet to γab
gives the onstraint equation
(XµaX
ν
b −
1
2
γabγ
cdXµc X
ν
d )gµν = 0, (6)
whose solution denes γab as the indued metri on the world-sheet:
γab = X
µ
aX
ν
b gµν . (7)
Consider now the eld equations. Variation over φ gives the dilaton equation
∂µ
(
gµν∂νφ
√−g)+ α
6
H2e−4αφ = −
∑ µα
4
∫
XµaX
ν
b gµνγ
ab√−γe2αφδ4(x−X(σ, τ))d2σ, (8)
where the sum in the soure term is taken over the ontribution of two stings. The equation for the two-form eld
reads:
∂µ
(
Hµνλe−4αφ
√−g) = −∑ 2πf ∫ XνaXλb ǫabδ4(x−X(σ, τ))d2σ. (9)
We also have the Bianhi identity
∇[µHαβγ] = 0, (10)
where alternation over indies has to be performed and the derivative an be equivalently treated as a ovariant
derivation with respet to gµν or a partial derivative.
Finally, for the metri we have the Einstein equations
Rµν − 1
2
gµνR = 8πG(
φ
Tµν+
B
Tµν+
st
Tµν), (11)
where the soure terms read
st
T
µν =
∑
µ
∫
XµaX
ν
b γ
ab√−γe2αφ δ
4(x−X(σ, τ))√−g d
2σ, (12)
φ
T
µν = 4
(
∂µφ∂νφ− 1
2
gµν(▽φ)2
)
, (13)
B
T
µν =
(
HµαβH
ναβ − 1
6
H2gµν
)
e−4αφ. (14)
The total system of equations onsists of two equations for stings of the type (4) and the eld equations (8, 9, 11). It
desribes lassially in a self-onsistent way motion of the strings with aount for their interation via the dilaton,
two-form and gravitational elds as well as evolution of the generated elds. This system an be solved iteratively in
terms of the oupling onstants α, f,G. To failitate this onstrution it is onvenient to introdue a lassial analog
of the Feynmann graphs, denoting string by bald solid line, the dilaton by this solid line, the two-form by dashed and
graviton by wavy lines (Fig. 1). Simple analysis of the equations reveals that we have verties involving linear and
non-linear string-eld interations, as well as three-leg and multi-leg interations of elds between themselves.
4Strings
Graviton
Dilaton
Axion
a b c d
k k′
e f g
h i j
èñ. 1: Verties assoiated with the ation (2): graphs a, b, c are string-dilaton, string-two-form and string-graviton verties of
the lowest order; graph d depits higher-order string-dilaton-graviton verties (for all k ≥ 1, k′ ≥ 1); graphs e, f, g are lowest
order eld interations present in the ation (2), and graphs e, f, g are multi-graviton verties aompanying the lowest order
ones.
III. PERTURBATION THEORY
We onstrut an iterative solution of the oupled string-eld system expanding the string world-sheet mapping
funtions Xµn (σ
a), n = 1, 2, and the eld variables in terms of the oupling onstants α, f,G:
Xµ =
0
X
µ+
1
X
µ + . . . ,
φ =
1
φ +
2
φ + . . . ,
Bµν =
1
Bµν+
2
Bµν + . . . ,
hµν =
1
hµν+
2
hµν + . . . . (15)
Here the expansions of Xµn start from the zero order, while those of the eld variables  from the rst order terms,
that is we assume that there are no bakground dilaton, two-form or gravitational elds. Zero order mapping funtions
desribe the straight innite uniformly moving strings
0
X
µ
n = d
µ
n + u
µ
nτ +Σ
µ
nσ. (16)
Here Σµn is the unit spaelike onstant vetors along the strings, and u
µ
n are the unit timelike onstant vetors  four-
veloities of the strings. The orresponding three-dimensional veloities are orthogonal to the strings. The onstant
vetors dµn an be regarded as impat parameters for two strings with respet to the hosen frame. In the zero order
the spae-time metri is at, and the orresponding world-sheet metris are also Minkowskian ηab = diag(1,−1) in
view of the normalization assumed
(ΣnΣn) = ηµνΣ
µ
nΣ
ν
n = −1, (unun) = 1, (Σnun) = 0. (17)
It is onvenient the hoose the Lorentz frame in whih the rst string is at rest and is strethed along the z-axis:
uµ1 = [1, 0, 0, 0], Σ
µ
1 = [0, 0, 0, 1]. (18)
The seond string is assumed to move in the plane x2, x3 with the veloity v orthogonal to the string itself:
uµ2 = γ [1, 0,−v cosα, v sinα], Σµ2 = [0, 0, sinα, cosα], (19)
where γ = (1− v2)−1/2. In suh a onguration the strings never interset eah other remaining always in the parallel
planes. Apart from the orthogonality onditions (17), four other salar produts are
(u1, u2) = γ, (Σ1,Σ2) = − cosα, (u1,Σ2) = 0, (u2,Σ1) = −vγ sinα, (20)
5note that u1 and Σ2 are orthogonal. We also hoose both impat parameters d
µ
n to be orthogonal to u
µ
n and Σ
µ
n and
aligned with the axis x1, the distane between the planes being d = d2 − d1. The angle of inlination α of the seond
string with respet to the rst one an be written in a Lorentz-invariant form
α = arccos(−Σ1Σ2). (21)
Similarly, the invariant expression for the relative veloity of the strings is
v = (1− (u1u2)−2) 12 . (22)
With this parametrization of the unperturbed world-sheets, the projeted intersetion point (the point of the minimal
separation between the strings) moves with the veloity
vp =
v
sinα
= (u1u2)
−1
(
(u1u2)
2 − 1
1− (Σ1Σ2)2
) 1
2
(23)
along the x3-axis. This motion is not assoiated with propagation of any signal, so the veloity vp may be arbitrary,
in partiular, superluminal vp > 1. The ase of parallel strings orresponds to vp =∞.
Note that the above introdued parameters (22,21) are not invariant under reparameterizations of the world-sheets
[40℄. The quantity whih is invariant under the volume preserving reparameterizations is
κ = det
(
Xµ1aX
ν
2bηµν
)
= γ cosα. (24)
The superluminal regime orresponds to κ > 1.
The expansions (15) are substituted into the system of equations (4, 8, 9, 11) whih has to be solved iteratively.
The zero order dierential operator in the dilaton equation (4) is the at-spae D'Alembert operator  = −ηµν∂µ∂ν .
Similarly, hoosing the Lorentz gauge for the two-from and the metri perturbations
∂µB
µν = 0, ∂µψ
µν = 0, ψµν = hµν − 1
2
ηµνh, (25)
where h = hµµ, we get the linear D'Alembert equations for the rst order two-form and the gravitational eld as well.
Due to linearity of the eld equations, the rst order dilaton, two-form and metri perturbations an be presented as
the sums of the separate ontributions due to two strings
1
φ =
1
φ1+
1
φ2,
1
B
µν =
1
B
µν
1 +
1
B
µν
2 , (26)
1
h
µν =
1
h
µν
1 +
1
h
µν
2 .
Here eah term with n = 1, 2 satises the individual D'Alembert equation with the soure labelled by the same index
n:

1
φn = 4π
0
Jn, (27)

1
B
µν
n = 4π
0
J
µν
n , (28)

1
h
µν
n = 4π
0
τµνn . (29)
The oupling onstants are inluded into the soure terms, while zero indies in the soures indiate that they are
omputed using the zero order approximations for the strings mapping funtions. The soure terms thus read
0
Jn =
αµ
8π
∫
δ4
(
x− 0Xn (τ, σ)
)
d2σ, (30)
0
J
µν
n =
f
2
∫
Vµνn δ
4
(
x− 0X( τ, σ)
)
d2σ, (31)
0
τµνn = 4Gµn
∫
Wµνn δ
4
(
x− 0Xn (τ, σ)
)
d2σ, (32)
6where the following antisymmetri and symmetri tensors are introdued
V µνn = ǫ
ab
0
X
µ
an
0
X
ν
bn = u
µ
nΣ
ν
n − uνnΣµn, (33)
Uµνn = η
ab
0
X
µ
an
0
X
ν
bn = u
µ
nu
ν
n − ΣµnΣνn, Uµνn ηµν = Un = 2, (34)
Wµνn = U
µν
n −
1
2
ηµνUn. (35)
Now onsider the perturbations of the strings world-sheets indued metris (index n is omitted)
γab = ηab+
1
γab, (36)
where in the general gauge the rst order orretion reads
1
γab =
0
X
µ
a
0
X
ν
b
1
hµν + 2
0
X
µ
a
1
X
ν
bηµν . (37)
However, to be able to disentangle the higher order perturbed equations one has to get rid of the seond term in (37)
proportional to
1
Xν . Using the spae-time and the world-sheet dieomorphism invariane, we an impose the gauge
ondition
0
X
µ
a
1
X
ν
b ηµν = 0, (38)
in whih ase the perturbed indued metri will ontain only the zero order string mapping funtions:
1
γab =
0
X
µ
a
0
X
ν
b
1
hµν ,
1
γ= Uµν
1
hµν . (39)
The rst order perturbations of the mapping funtions
1
Xµ desribing deformations of the at world-sheets satisfy
the following equations following from the Eq.(4):
µηab∂a
1
Xνb ηµν + µ∂a
{
0
Xνb
[(
1
hµν +
1
2ηµν
1
γ
)
ηab − ηµν
1
γab
]
+ 2αηµνη
abφ
}
+
+4πfǫab
0
Xνb ∂a
1
Bµν − 2αµ∂µ
1
φ − 12Uλν∂µ
1
hλν − 2πfV λν∂µ
1
Bλν = 0, (40)
where raising of the world-sheet indies is performed by the Minkowski metri:
1
γab =
1
γcdη
acηbd,
1
γ=
1
γcdη
cd. (41)
Dierentiating the eld variables along the world-sheet aording to the rules
∂a
1
φ=
0
X
λ∂λ
1
φ, ∂a
1
Bµν =
0
X
λ
a∂λ
1
Bµν ,
1
hµν =
0
X
λ
a∂λ
1
hµν , (42)
we an rewrite the above equation as
µηab∂a∂b
1
X
µ = Fµ(φ) + F
µ
(B) + F
µ
(h), (43)
where the fores due to dilaton, two-form and graviton are introdued:
Fµ(φ) = αµ
(
U∂µ
1
φ −2Uµν∂ν
1
φ
)
, (44)
Fµ(B) = 2πfV
νλ
1
H
µ
νλ, (45)
Fµ(h) = µ
[
1
hλτ,ν
(
UµλUντ − 1
2
UµνUλτ
)
− Uνλ
(
1
h
µν,λ − 1
2
1
h
νλ,µ
)]
. (46)
In these equations the indies labelling the strings are not shown, but it is understood that for eah string we have to
take into aount at the right hand side both the self-fore terms arising form the elds due to the same string, and
the mutual interation terms oming from the partner string.
7Consider now the seond order eld equations. Expanding the Eqs. (8)-(11) to the next order and imposing again
the Lorentz gauge for the two-form and the linearized gravity one obtains the D'Alembert equations for the seond
order elds with the soure terms involving ontributions due to deformations of the strings world-sheets (loal terms)
as well as the quadrati ombinations of the rst order elds (bulk terms). The dilaton equation with aount for (39)
will read

2
φ = 4π
1
J =
µα
4
∑∫ [
Uµν
(
1
hµν +2ηµνα
1
φ
)
− 4 1Xµ∂µ
]
δ4
[
x− 0X (τ, σ)
]
d2σ +
+
α
6
1
H
µνλ
1
Hµνλ − ∂µ
[(
1
h
µν − 1
2
ηµν
1
h
)
∂ν
1
φ
]
, (47)
where the partial derivative operator ats on the delta funtion. Note that the rst order terms in the rst line are
multiplied by the dilaton oupling onstant and thus give the same order quantities as the produts of two rst order
eld quantities.
The equation for the seond order two-form eld is:

2
B
µν = 4π
1
J
µν =
= 2πf
∑∫ (
2ǫab
0
X
[µ
a
1
X
ν]
b δ
4
[
x− 0X (τ, σ)
]
− V µν 1Xλ∂λδ4
[
x− 0X (τ, σ)
])
d2σ +
+ ∂λ
[(
1
2
1
h −4α
1
φ
)
1
H
λµν
]
, (48)
where alternation over indies inludes the fator 1/2.
The situation is slightly more ompliated for the graviton. To obtain an equation for the seond order gravitational
perturbation one has to take into aount the quadrati terms in the Einstein equations. In the gauge
∂µψ
µν = 0
one has the following expansion of the Einstein tensor up to the seond order:
Rµν − 1
2
gµνR =
1
2
ψµν +
1
2
Sµν(
1
hλτ ), (49)
where ψµν ontains the rst and the seond order quantities, and the quadrati term reads:
Sµν = [∂
βhαµ(∂αhνβ − ∂bhνα)−
1
2
∂µh
αβ∂νhαβ − 1
2
hµν∂α∂
αh+
+ hαβ(∂ν∂βhµα + ∂µ∂βhνα − ∂µ∂νhαβ − ∂α∂βhµν) + (50)
+
1
2
ηµν(2h
αβ∂λ∂λhαβ − ∂λhαβ∂βhαλ + 3
2
∂λhαβ∂
λhαβ)].
Extrating the seond order terms we obtain from the Eq.(11):

2
ψµν = 16πG
1
τµν , (51)
where the soure term reads:
1
τµν =
µ
2
∑∫ (
2
0
X
a
(µ
1
Xν) a−
1
X
λ∂λ
)
δ4(x− 0X (τ, σ))d2σ +
+
µ
4
∑∫ [(
UµνU
λτ − 2UλµU τν
) 1
hλτ +Uµν
(
4α
1
φ − 1h
)]
δ4(x− 0X (τ, σ))d2σ + (52)
+ G−1Sµν(
1
hλτ ) + 2∂µ
1
φ ∂ν
1
φ −ηµν∂λ
1
φ ∂λ
1
φ +
1
2
1
Hµλτ
1
H
λτ
ν −
1
12
ηµν
1
Hνλτ
1
H
νλτ .
All soure terms in the seond order eld equations have similar struture. Note the presene of the derivatives
from delta funtions in the strings world-sheet ontributions.
It is worth noting that the seond order dilaton, two-form and gravity elds already an not be presented as a
sum of terms due to separate strings, but rather look as generated by the olletive soures. These soures ontain
ontributions not only from the perturbed world-sheets, but also the bulk ontributions whih are not assoiated
with separate strings. As we will see later, these soures may have superluminal nature, in whih ase the Cerenkov
radiation will appear.
8a b c
èñ. 2: Graphs desribing self-interation due to dilaton (a), two-form (b) and linearized gravity (c). The ontributions from a
and b are divergent and have dierent signs. The ontribution of c is zero.
IV. RENORMALIZATION
The ation of the proper elds upon the soure string is desribed by the self-ation terms in the Eq. (43)
orresponding to the graphs shown on Fig. 2. the dilaton and the two-form lead to divergenes while the ontribution
from the linearized gravity vanishes. Divergent terms an be absorbed by renormalization of the string tension
parameter µ [43, 44℄. We onsider renormalization in the rst order of the perturbation theory. Linearizing the
string part of the ation (2), one an split it into the sum:
S = Sst + Sφ + SB + Sh, (53)
where Sst is Polyakov ation with the bare tension parameter:
Sst = −µ0
2
∫
XµaX
ν
b ηµνη
abd2σ, (54)
and three other terms desribe interation with the dilaton, the two-form and the linearized gravity:
Sφ = −µ0α
∫
φ XµaX
ν
b ηµνη
ab d2σ, (55)
SB = −2πf
∫
Bµν X
µ
c X
ν
d ǫ
cd d2σ, (56)
Sh = −µ0
2
∫
XµaX
ν
b η
abhµν d
2σ. (57)
Sine we are working in the lowest order of the perturbation theory, the mapping funtions Xµ here are quantities of
zero order. In obtaining the last formula we used the following expansion:
γab
√−γ = ηab + hµν
(
1
2
Xµc X
ν cηab −XµaXν b
)
+ · · · (58)
Consider the rst order dilaton eld on the world-sheet of the soure string
φ(τ, σ) =
αµ0
8π2
∫
eiqµ(d
µ−Xµ(τ,σ))δ(qu)δ(qΣ)
q2
d4q, (59)
where qu = qµu
µ, qΣ = qµΣ
µ
are the at-spae salar produts, and q2 = qµq
µ
. Due to delta-funtions, the salar
produt in the exponential is onstant:
qµX
µ(τ, σ) = (qd) + (qu)τ + (qΣ)σ = (qd) = const, (60)
so the integrand does not depend on σ and τ . The integral diverges as
I = −
∫
δ(qu)δ(qΣ)
q2
d4q = 2π
∫ ∞
0
dq⊥
q⊥
(61)
where we used the frame (18) and introdued polar oordinates in the 2-plane orthogonal to uµ and Σµ:
q2 = (qu)2 − (qΣ)2 − q21 − q22 , q21 + q22 = q2⊥. (62)
The integral logarithmially diverges at both ends. With the infrared (IR) an ultraviolet (UV) ut-o parameters
qmin⊥ , q
max
⊥ one an write:
I = 2π ln
qmax⊥
qmin⊥
. (63)
9Substituting this into the Eq. (59) and further into (55) we nd the regularized dilaton part of the ation:
Sregφ =
µ20α
2
4π
ln
qmax⊥
qmin⊥
∫
XµaX
ν
b ηµνη
abd2σ. (64)
Sine the funtional is the same as the bare ation funtional Sst, one an absorb divergenies by renormalization of
µ0.
Similarly, the rst order two-form eld on the world-sheet of the soure string reads:
Bµν(τ, σ) =
f
2π
∫
eiqµ(d
µ−Xµ(τ,σ))V µνδ(qu)δ(qΣ)
q2
d4q. (65)
This integral also diverges as (63). In view of the relation
V µνV λν = −Uµν , (66)
one an see that the ation (56) also have the funtional form of (54), namely
SregB = −2πf2 ln
qmax⊥
qmin⊥
∫
XµaX
ν
b ηµνη
abd2σ. (67)
Finally for the graviton hµν(τ, σ) on the world-sheet we have the divergent integral
hµν(τ, σ) =
4Gµ
π
∫
eiqµ(d
µ−Xµ(τ,σ))Wµνδ(qu)δ(qΣ)
q2
d4q = −8GµWµν ln q
max
⊥
qmin⊥
, (68)
where Wµν id given by the Eq. (35). However, substituting this into (57) one obtains zero in view of the identity
WµνU
µν = 0. (69)
Therefore, gravitational interation of the strings does not lead to lassial divergenes in the lowest order of the
perturbation theory. This result is onformal with previous results [41, 42℄ obtained with dierent tools.
Colleting the above formulas, we see that to remove self-interation divergenes one has merely to replae the
tension parameter in the ation (54) as follows:
µ0 −
(
µ20α
2
2π
− 4πf2)
)
ln
qmax⊥
qmin⊥
= µ. (70)
Divergenes due to the dilaton and the two-form have opposite signs. This reets the fat that the salar interation
is attrative, while interation via the two-form is repulsive. If the Bogomolny-Prasad-Sommereld (BPS) relation
between the dilaton and the two-form aouplings is satised
µ2α2
2π
= 4πf2, (71)
the divergent terms mutually anel, and there is no renormalization at all, µ = µ0 (for earlier work on this subjet see
refs. [41, 42, 43, 44, 45, 46℄. Note that our dilaton oupling onstant has dimension of length, the usual dimensionless
onstant α¯ (quantity of the order of unity) is related to it as
α2 = Gα¯2. (72)
It has to be noted that renormalization an be performed in a simple way only at the linearized level. When all
non-linearities are taken into aount, lassial renormalizability of the bosoni string theory interating with gravity
is lost. In this paper we will be restrited by the seond order alulation of radiation whih involves only on-shell
seond order quantities. These are unaeted by the higher order renormalization eets. So, in what follows, we will
use the value for the string tension renormalized in the rst-order, and thus omit all self-interation terms.
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c
èñ. 3: Deformations of the strings world-sheets due to interations via the dilaton (a), two-form (b) and linearized gravity ();
n = 1, 2, n′ = 1, 2, n 6= n′.
V. PERTURBATIONS OF THE STRING WORLD-SHEETS
Now onsider the rst order perturbations of the mapping funtions Xµn (τ, σ), n = 1, 2 aused by mutual
interations. We have to substitute into eah string equation of motion (4) the rst order elds generated by another
string. It is onvenient to use the following index onvention: n = 1, 2, n′ = 1, 2, n 6= n′. The total perturbation thus
splits into three terms due to dilaton, two-from and graviton exhange:
1
X
µ
n =
φ
X
µ
n+
B
X
µ
n+
h
X
µ
n, (73)
as shown on Fig. 3. Let us start with dilaton exhange ontribution (Fig. 3a). The orresponding world-sheet
perturbation
1
Xµn(τ, σ) is the solution of the two-dimensional D'Alembert equation (following from the Eqs. (43,44)):
(∂2τ − ∂2σ)
φ
X
µ
n = −2α
[
(
φ
U
µν∂ν − ∂µ)
1
φ (x)
]
x=
0
Xn(τ,σ)
, (74)
where the dilaton eld generated by the string n′ is taken on the world-sheet of the string n:
∂µ
1
φ |
x=
0
Xn(τ,σ)
=
αµ
8π2i
∫
eiqλ(d
λ
n′
−Xλn(τ,σ))δ(qun′)δ(qΣn′)
q2 + 2iǫq0
qµ d
4q. (75)
Substituting (75) into (74) one an obtain the solution dividing the right hand side by the two-dimensional D'Alembert
operator as follows:
φ
X
µ
n(τ, σ) = i
α2µ
(2π)2
∫
∆n′ [q
µ +Σµn(qΣn)− uµn(qun)]e−iqλ
0
X
λ
n(τ,σ)
q2[(qun)2 − (qΣn)2] d
4q, (76)
where
∆n′ = e
iqdn′ δ(qun′)δ(qΣn′). (77)
Note, that delta-funtions in the integrand have support outside both the light one q2 = 0 and the surfae (qun)
2 =
(qΣn)
2
(exept for the trivial point qµ = 0), so the integral is nite.
Consider now the two-form interation (Fig. 3b). We have to solve the equation
(∂2τ − ∂2σ)
B
X
µ
n = 2πfV
νλ
n
1
H
µ
νλ|x= 0Xn(τ,σ) , (78)
where the three-form is
1
H
µ
νλ|x= 0Xn(τ,σ) =
f
2πi
∫
∆n′q
{µV
νλ}
n′ e
−iqλ
0
X
λ
n(τ,σ)
q2 + 2iǫq0
d4q, (79)
where urly brakets {} denote the yli permutation of indies. Again, dividing by the operator (∂2τ − ∂2σ) one
obtains:
B
X
µ
n(τ, σ) = i
f2
µ
∫
∆n′Vn νλq
{µV
νλ}
n′ e
−iqλ
0
X
λ
n(τ,σ)
q2[(qun)2 − (qΣn)2] d
4q. (80)
Similarly, the gravitational ontribution is desribed by the equation:
(∂2τ − ∂2σ)
h
X
µ
n =
µ
2
Uαβn
[
∂µ
1
hαβ −2∂α
1
h
µ
β − Uµνn
(
∂ν
1
hαβ −2∂β
1
hαν
)]
x=
0
Xn(τ,σ)
, (81)
11
where the variation
1
hµν is generated by the partner string n
′
:
1
hµν |
x=
0
Xn(τ,σ)
=
4µG
π
∫
∆n′Wn′µνe
−iqλ
0
X
λ
n(τ,σ)
q2 + 2iǫq0
d4q. (82)
Solving this equation one nds:
h
X
µ
n(τ, σ) = i
2µG
π
∫ ∆n′Unαβ [qµWαβn′ − 2Wµαn′ qβ − Uµνn (qνWαβn′ − 2qαW βn′ν)] e−iqλ 0Xλn(τ,σ)
q2[(qu1)2 − (qΣ1)2] d
4q. (83)
It an be heked that the gauge ondition (38) imposed in the beginning of the alulation holds indeed for eah
of the three separate ontributions to the perturbed mapping funtions.
VI. EFFECTIVE SOURCES OF RADIATION
The rst order elds
1
φ,
1
Bµν ,
1
hµν do not ontain the radiative parts. Consider, e.g., the Fourrier-transform of the
dilaton:
φ(k) =
∫
φ(x)eikxd4x. (84)
The retarded and advaned solutions of the rst order wave equation (27) will read:
1
φ±n (k) = 2π
2µα
δ(kun)δ(kΣn)
k2 ± 2iǫk0 e
ikdn . (85)
The radiative part
1
φradn (k) =
1
2
( 1
φ+n (k)−
1
φ−n (k)
)
= −iπ3µαδ(kun)δ(kΣn)δ(k2)eikdn . (86)
is the distribution having support only at the trivial point kµ = 0 in the momentum spae. Thus, to investigate
radiation, we have to pass to the seond order of the perturbation theory. The problem redues to the onstrution
of the soure terms in the wave equations of the seond order.
A. Dilaton
Consider the seond order dilaton equation (47) in more details. The urrent at the right hand side ontains the
ontributions loalized on the string world-sheets (the upper line in (47)) and the bulk ontributions oming from
the produts of the rst order dilaton, two-form and graviton elds (the lower line). The former ontains the sum
over the strings whih an be understood as follows. One has to take the perturbations of the world-sheet mapping
funtions Xµn for eah string n = 1, 2 due to rst order eld generated by the partner string n = 2, 1 respetively.
These ontributions are depited by the graphs an, bn, cn, n = 1, 2 on the Fig. 4. The external dilaton leg orresponds
to the emitted dilaton with the momentum kµ (in our lassial treatment to the Fourrier-transform of the urrent),
thus the terms in the sum in (47)) with n = 1 are given by the graphs a1, b1, c1 and those with n = 2  by the
graphs a2, b2, c2. Other upper line terms must be treated in a similar way: one has to take U
µν
n for eah n = 1, 2 and
multiply by the graviton and dilaton perturbations aused by the other string n = 2, 1. These are depited by the
graphs dn, en, n = 1, 2. In this way the self-ation of the elds upon the string will be exluded.
On the ontrary, the terms in the lower line of the Eq. (47) are non-loal and not pairwise. Here the self-ation
terms also have to be exluded, so we take in the quadrati ombinations only the produts of the rst order elds
generated by dierent strings.
Consider rst the ontributions desribed by the graphs a1, b1, c1 (dilaton emission from the rst string line). The
orresponding urrent reads:
st
J1 (x) = −µα
8π
∫
1
X
µ
1∂µδ
4
[
x− 0X1(τ, σ)
]
d2σ, (87)
12
1
2
a1 b1 c1
1
2
a2 b2 c2
1
2
d1 e1
1
2
d2 e2
1
2
f g h
èñ. 4: The diagrams ontributing to dilaton radiation in the seond order of the perturbation theory: a1, b1, c1 orrespond to
deformation of the rst string and a2, b2, c2  to deformation of the seond one; graphs d, e stand for ontat terms. Diagram f
orresponds to the produt of (rst order) two-form elds generated by the rst and the seond string, graphs g, h  to mixed
graviton-dilaton ontributions.
where the perturbation of the mapping funtion of the rst string
1
X
µ
1 is aused by the rst order dilaton, two-form
and graviton elds generated by the seond string. Substituting the orresponding terms into (87) we obtain after
some rearrangements:
1
X
µ
1 (τ, σ) = i
∫
Qµ1δ(qu2)δ(qΣ2)e
iq(d2−d1−u1τ−Σ1σ)
q2[(qu1)2 − (qΣ1)2] d
4q. (88)
The vetor Qµ1 is the sum of three terms aording to the deomposition desribed above:
Qµ1 =
α2µ
(2π)2
Dµ1 +
2f2
µ
Y µ1 +
2µG
π
Zµ1 , (89)
where the dilaton exhange ontribution is
Dµ1 = q
µ +Σµ1 (qΣ1)− uµ1 (qu1), (90)
the two-form ontribution is
Y µ1 = q
µ [(u1u2)(Σ1Σ2)− (Σ1u2)(u1Σ2)] + Σµ2 [(qu1)(u2Σ1)− (Σ1q)(u1u2)] +
+ uµ2 [(u1Σ2)(Σ1q)− (qu1)(Σ1Σ2)] , (91)
and the graviton ontribution is
Zµ1 = q
µ
[
(u1u2)
2 + (Σ1Σ2)
2 − (u1Σ2)2 − (u2Σ1)2 − 2
]
+ [uµ1 (qu1)− Σµ1 (qΣ1)] ·[
(u1u2)
2 − (Σ1Σ2)2 − (u1Σ2)2 + (u2Σ1)2 + 2
]− 2 [uµ1 (qΣ1) + Σµ1 (qu1)] [(u1u2)(u2Σ1)− (Σ1Σ2)(u1Σ2)]−
− 2uµ2 [(u1u2)(qu1)− (Σ1u2)(qΣ1)] + 2Σµ2 [(u1Σ2)(qu1)− (Σ1Σ2)(qΣ1)] . (92)
Consider the Fourier-transform
J(k) =
∫
J(x)eikxd4x (93)
with k2 = 0 (on-shell ondition for the massless partile). Substituting the above expressions and integrating over the
world-sheet of the rst string one obtains two more delta-funtions:∫
ei(k−q)(u1τ−Σ1σ)dτdσ = (2π)2δ[(k − q)u1]δ[(k − q)Σ1], (94)
13
so totally we will have the produt of four delta-funtions in the integrand:
Λ1(q, k) = δ(qu1)δ(qΣ1)δ[(k − q)u2]δ[(k − q)Σ2]. (95)
Now onsider the ontribution J2(k) oming from the seond string (the graphs a2, b2, c2 on Fig.4). Obviously it an
be obtained from the previous result by interhanging indies 1↔ 2 elsewhere. In this ase we will get the produt of
the δ -funtions in the form
Λ2(q, k) = δ(qu2)δ(qΣ2)δ[(k − q)u1]δ[(k − q)Σ1]. (96)
It is onvenient to ast this seond integral into the same form as the previous one. For this it is suient to shift the
integration variable in J2(k) as follows: q
µ → kµ − qµ. Sine Λ1(q, k) = Λ2(k − q, k), we will get the same produt of
the δ-funtions, so nally we an present the total ontribution of the rst six graphs as follows
st
J (k) =
st
J1 (k)+
st
J2 (k) =
∫
Π(q, k)

 stΘ1 (q)
q2
+
st
Θ2 (k − q)
(k − q)2

 d4q, (97)
where
Π(q, k) = ei(d1k+q(d2−d1))Λ1(q, k), (98)
and
st
Θ1 (q) =
α
[(qΣ1)2 − (qu1)2]
[
α2µ2
8π
(kD1) + πf
2(kY1) +Gµ
2(kZ1)
]
. (99)
To get the funtion
st
Θ2 from
st
Θ1 one merely has to interhange the indies 1, 2 labelling vetors in the salar produts
hanging simultaneously qµ → (k − q)µ.
The ontributions of the next four graphs d1, d2, e1, e2 are omputed similarly. The resulting ontat term in the
soure an be presented again in the form (97) with equal ontributions from two strings
ct
Θ1 (q) =
ct
Θ2 (q) =
α3µ2
8π
+Gµ2α
[
(u1u2)
2 + (Σ1Σ2)
2 − (u1Σ2)2 − (u2Σ1)2 − 2
]
. (100)
Now onsider the bulk terms (the seond line in (47)) whih are due to non-linear eld interations dilaton-two-form
and dilaton-graviton. Their ontribution is illustrated by the graphs f and en, the seond being pairwise. In quantum
theory terms they an be interpreted as the oalesene of two virtual axions into the on-shell dilaton, and the
oalesene of the o-shell dilaton and graviton into the on-shell dilaton. We have to ompute the Fourrier-transform
of the bulk urrent
b
J (x) =
α
24π
1
Hµνλ
1
H
µνλ +
1
4π
∂µ
[(
1
h
µν − 1
2
ηµν
1
h
)
∂ν
1
φ
]
. (101)
Here in the produts
1
Hµνλ
1
Hµνλ and
1
φ
1
hµν we have to substitute one eld generated by the rst string and another
by the seond one.
In spite of the dierent dierent appearane of the bulk terms as ompared to the world-sheet terms, one an ast
them into the unique form (97) as well. Consider the orresponding transformations for the rst term in (101) depited
by the graph f on Fig. 4. The rst order quantities to be substituted here read:
1
H
µνλ
n (x) =
f
2iπ
∫
∆nq
{µVn
νλ}e−iqx
q2
d4q. (102)
(We an omit the ǫ-term in the denominator indiating the position of the pole sine the resulting integral does not
depend on its shift from the real axis). Now let us alulate the ontration
∫
eikx
1
Hµνλ
1
H
µνλd4x = −(2πf)2
∫
∆1(q)∆2(q
′)q{µV1νλ}q
′{µV2
νλ}ei(k−q−q
′)x
q2q′2
d4q =
= −(2πf)2
∫
∆1(q)∆2(k − q)q{µV1νλ}(k − q){µV2νλ}ei(k−q−q′)x
q2(k − q)2 d
4q. (103)
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èñ. 5: The seond order amplitudes of the two-form emission. The graphs a, b, c show ontributions from deformations of the
string world-sheets, the graphs d, e, f, h  the quadrati bulk terms.
We are interested in the on-shell value of kµ, i.e. k2 = 0. In this ase one an write
1
q2(k − q)2 =
(
1
(q − k)2 −
1
q2
)
1
2kq
. (104)
Using this relation one an ast the above ontration into the form (97) with onvention that the argument qµ is
used for the n = 1 terms, and (k − q)µ for the n = 2 terms.
Performing similar alulations for the graphs g1, g2 and ombining with the above, we obtain the total bulk term
in the form (97) with Θ =
b
Θ:
b
Θ1= πf
2α
[
(Y1k)
(kq)
− (u1u2)(Σ1Σ2) + (Σ1u2)(u1Σ2)
]
+ µ2αG
(ku2)
2 − (kΣ2)2 + (ku1)2 − (kΣ1)2
(kq)
, (105)
with the rule of getting
b
Θ2 from
b
Θ1 the same as before. In obtaining this expression we have used the delta-funtions
in the integrand xing (qu1) = (qΣ1) = 0 and (qu2) = (ku2), (qΣ1) = (kΣ1).
B. Two-form
The soure term in the equation (8) for the seond order two-form eld an be presented as the sum of ten graphs
shown on Fig.5. Here we have string ontributions orresponding to exhange by the dilaton, two-form and graviton,
the bulk terms desribing oalesene of virtual quanta to the on-shell axion, but no ontat term beause of absene
of multi-leg verties assoiated with two-form. The string terms an, bn, cn are omputed as the Fourrier-transform of
the urrents
st
J
µν
n (x) = f
∫ [
0
X
µ
na
1
X
ν
nbǫ
ab − 1
2
V µνn
1
X
λ
n∂λ
]
δ4[x−Xn(σ, τ)]d2σ, (106)
where perturbations of the mapping funtions Xµn , n = 1, 2 are generated by the partner string n = 2, 1 respetively.
Using the same rearrangements as before, we obtain
st
J
µν(k) =
st
J
µν
1 (k)+
st
J
µν
2 (k) =
∫
Π(q, k)

 stΘµν1 (q)
q2
+
st
Θ
µν
2 (k − q)
(k − q)2

 d4q, (107)
where
st
Θ
µν
1 (q) = −
1
[(qΣ1)2 − (qu1)2]
[
8π2
f3
µ
(
(qΣ1)u
[µ
1 Y
ν]
1 − (qu1)Σ[µ1 Y ν]1 −
1
2
V µν1 (Y1k)
)
+
+
1
2
α2fµ
(
(qΣ1)u
[µ
1 D
ν]
1 − (qu1)Σ[µ1 Dν]1 −
1
2
V µν1 (D1k)
)
+ (108)
+ 8πfµG
(
(qΣ1)u
[µ
1 Z
ν]
1 + (qu1)Σ
[µ
1 (Z
ν]
1 −
1
2
V µν1 (Z1k)
)]
,
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èñ. 6: The seond order amplitudes of the graviton emission. The sum of all graphs is zero on the graviton mass-shell.
and to get the seond string term we must interhange indies 1↔ 2 and momenta qµ ↔ kµ − qµ.
The bulk terms dn, en are the Fourrier-transform of the bulk urrent
f
J (x)µν =
1
4π
∂λ
[
1
H
λ
µν
(
4α
1
φ− 1
2
1
h
)]
, (109)
where again we have to take the produts of elds generated by dierent strings. The result an be ast into the form
(107) with
b
Θ
µν
1 = −
8πfµG
(kq)
[
V µν1 (kq) + (q
[µu1
ν])(Σ1q)− (q[µΣ1ν])(u1q)− V µν2 (kq) + (q[µu2ν])(Σ2k)− (q[µΣ2ν])(u2k))
]
−
− fα
2µ
2(kq)
[
V µν1 (kq))− (q[µu1ν])(Σ1q) + (q[µΣ1ν])(u1q)− V µν2 (kq)− (q[µu2ν])(Σ2k) + (q[µ)Σ2ν](u2k)
]
, (110)
and the same rule for the seond term.
C. Graviton
The soure (52) in the seond order graviton equation an be treated along the same line. It inludes ontributions
of the thirteen graphs shown on Fig. 6. It turns out, however, that the projetion of the total on-shell (k2 = 0)
urrent onto the graviton transverse polarization states gives zero. The reason lies in the dimensionality of the spae
transversal to the string: the onguration of the parallel strings is redued to that of point partiles in the 1+2 theory,
where there is no on-shell transverse gravitational degrees of freedom. As it was shown in [37℄, the transformation
to the parallel string onguration is always possible for a superluminal moving interseting strings. So there is no
gravitational radiation in this ase and we do not give here the details of the alulation.
VII. RADIATION
Total radiation four-momentum loss an be presented in a standard way through the on-shell Fourrier transform of
the soure urrent, the vetor kµ = (ω,k), ω = |k| playing the role of the radiation four-momentum. In the ase of
the dilaton one obtains the following expliitly Lorentz-ovariant expression:
Pµ(φ) =
16
π
∫
kµ
k0
|k0| |J(φ)(k)|
2δ(k2)d4k, (111)
and similarly for the two-form
Pµ(B) =
1
π
∫
kµ
k0
|k0| |Jαβ(k)|
2δ(k2)d4k. (112)
16
Alternatively, the latter quantity an be presented as a square of the polarization projetion of the urrent. Indeed,
in three spae dimensions the two-form eld propagating along the wave vetor k has a unique polarization state
eij =
1√
2
(eθi e
ϕ
j − eϕi eθj), i, j = 1, 2, 3, (113)
where e
θ
and e
ϕ
are two unit vetors orthogonal to k and to eah other:
e
ϕ · eθ = 0, k · eϕ = k · eθ = 0. (114)
Using antisymmetry and transversality of the two-form urrent kµJµν(k) = 0, and the ompleteness ondition
eθi e
θ
j + e
ϕ
i e
ϕ
j = δij − kikj/ω2, (115)
one nds
Pµ(B) =
1
π
∫
kµ
k0
|k0| |J
ij
(B)(k)eij |2δ(k2)d4k. (116)
Integrating over k0, we nally obtain
Pµ(φ) =
16
π
∫
kµ
|k| |J(φ)(k)|
2d3k, (117)
Pµ(B) =
1
π
∫
kµ
|k| |J(B)(k)|
2d3k, (118)
where
J(B)(k) = J
ij
(B)(k)eij (119)
with k0 = |k|. In what follows we shall use the parametrization of three-vetors by the spherial angles: k =
ω[sin θ cosϕ, sin θ sinϕ, cos θ], eϕ = [− sinϕ, cosϕ, 0], eθ = [cos θ cosϕ, cos θ sinϕ, − sin θ].
A. Cerenkov ondition
With our onventions, the radiation amplitudes assoiated with the rst string ontain the integral
I1 =
∫
δ(qu2)δ(qΣ2)δ[(k − q)u1]δ[(k − q)Σ1] f(q)eiqd
q2
d4q, (120)
where dµ = dµ2 − dµ1 , and f(q) - is some regular funtion of q. In the Lorentz frame where uµ1 = (1, 0, 0, 0), Σµ1 =
(0, 0, 0, 1), uµ2 = γ (1, 0,−v cosα, v sinα), Σµ2 = (0, 0, sinα, cosα), one an integrate over q0 using
δ[(k − q)u1] = δ(q0 − ω). (121)
Two other δ-funtions
δ(qu2) = γ
−1δ(ω + qyv cosα− qzv sinα), (122)
δ(qΣ2) = γ
−1δ(qy sinα+ qzv cosα), (123)
an be used to x the values of qy, qz :
qy = −ω cosα
v
, qz =
ω sinα
v
. (124)
The remaining δ-funtion
δ[(k − q)Σ1] = δ(kz − qz) = δ
(
kz − ω sinα
v
)
(125)
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no more depends on q, but rather restrits the value of the wave vetor of radiation kz:
kz =
ω sinα
v
= vp (126)
This is Cerenkov's ondition for an emitted massless wave. Indeed, in our frame an eetive soure of radiation is
moving along z-axis with the veloity vp, thus the quantity
cos θ =
kz
ω
=
1
vp
(127)
denes Cerenkov's angle of emission if vp > 1, i.e. the soure is super-luminal. Thus, radiation arises if the string
relative veloity v and the inlination angle α satisfy the Cerenkov ondition
sinα < v. (128)
Given v, this ondition will always be satised for suiently small α. In partiular, it is identially fullled for α = 0,
i.e. for parallel strings. Moreover, it an be shown that, if vp > 1, the Lorentz frame and the world sheet oordinates
τn, σn always exist suh that two string look parallel [37℄. In the frame where the rst string is at rest and strehed
along the z-axis, an eetive soure moves in z-diretion, and radiation will be emitted along the Cerenkov one
around the z-axis with an angle
θCh = arccos
v
sinα
. (129)
The remaining integral over qx in (120) an be evaluated using ontour integration. With our hoie of oordinates,
the salar produt qµdµ = −qxd, so we have the integral over qx
I1 =
∫
e−iqxdf(qx)dqx
q2x + p
2
=
π
p
f(−ip) e−κd, (130)
where
p =
√
q2y + q
2
z − q20 =
ω
γv
. (131)
For the seond term in (97) ontaining the pole (k − q)−2 one obtains the same xed values of q0, qy, qz, but the
integration over qx gives the value
qx = kx +
ωξ
iv
, ξ = cosα+ v sin θ sinφ. (132)
Summarizing the above results, we obtain:∫ (
Θ1(q)
q2
+
Θ2(k − q)
(k − q)2
)
eikd1+iqd2 d4q =
[
E1Θ1(q1) + (γξ)
−2E2Θ2(k − q2)
]
δ(cos θ − cos θCh), (133)
where
E1 = e
ikd1−ωd/(vγ), E2 = e
ikd2−ωdξ/v, (134)
and the following omplex vetors are introdued:
q1
µ =
ω
v
[v, −i/γ, − cosα, sinα], (135)
kµ − qµ2 =
ωξ
v
[0, i, 1, 0]. (136)
The presene of the delta-funtion at the right hand side of (133) means that the total radiation loss is innite. This
ould be expeted sine we deal with the stationary motion of an innitely long strings. So it is natural to onsider
the radiation loss per unit length of the string at rest. Redening the urrents as
J(k) = I(k)δ(cos θ − cos θCh), (137)
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and using the identity
δ2(cos θ − cos θCh) = Lω
2π
δ(cos θ − cos θCh), (138)
where L is the normalization length, we nd
Pµ(φ) = L−1Pµ(φ) =
8
π2
∫
kµ|I(φ)(k)|2δ(cos θ − cos θCh)d3k, (139)
Pµ(B) = L−1Pµ(B) =
1
2π2
∫
kµ|I(B)(k)|2δ(cos θ − cos θCh)d3k, (140)
B. Relativisti peaking and spetrum enhanement
Aording to (133), there is a frequeny ut-o due to exponential fators (134). Atually the amplitude is
superposition of two terms whih an be assoiated with ontributions of two strings (this an not be taken literally:
in the seond order of the perturbation theory the superposition priniple does not hold). Two terms exhibit dierent
frequeny ut-o. The rst sting term has a ut-o
ω .
vγ
d
, (141)
whih does not depend on the radiation angle, while the seond one exhibits a ϕ−dependent ut-o:
ω .
v
dξ
=
v
d(cosα+ v sin θ sinϕ)
. (142)
This means that the angular distribution of radiation on the Cerenkov one is anisotropi. This feature beomes
espeially pronouned in the ultrarelativisti ase.
In view of the identity
cos2 α = v2 sin2 θ + γ−2, (143)
whih holds on the radiation one, in the ultrarelativisti limit γ → ∞ the quantity ξ has a sharp minimum at
ϕ = −π/2 orresponding to the diretion of the moving string in the rest frame of the rst string:
ξ ≈
1
2γ2 cosα
(
1 + β2γ2 cosα2
)
], (144)
where β = π/2 + ϕ≪ 1. Due to the fator ξ−2 in the seond term in (119) the Cerenkov radiation is peaked around
the diretion ϕ = −π/2 within the narrow angular region
β . γ−1. (145)
Moreover, the frequeny range assoiated with the seond terms is substantially larger in the ultrarelativisti limit
than that assoiated with the rst term. Indeed, if κ = γ cosα≫ 1, one has:
ξ ≈ 1
2γκ
(
1 + κ2β2
)
, (146)
so the frequeny range extends up to the frequeny
ω .
γκ
d
(147)
in the angular region (145). Therefore, radiation exhibits relativisti peaking in the forward diretion in the same way
as radiation of the ultrarelativisti partile. This ould be expeted, sine relativisti peaking has purely kinematial
nature.
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C. Dilaton radiation
Colleting the world-sheet ontributions to radiation amplitudes we obtain after integration over q:
st
I (k)+
ct
I (k) =
α
ω2
{
α2µ2
8
(
E1
[
1− i cosφ+ κ sinφ
γv sin θ
]
+
E2
γ2ξ2
[
ie−iϕ
γv sin θ
+ 2ξγ
])
+
+π2f2
(
E1
sinφ+ iκ cosϕ
γv sin θ
− E2
γ2ξ2
γv sin θ + iκ e−iϕ
γv sin θ
)
+ (148)
+µ2Gπ
(
E1[(κ sinϕ−i cosφ) + γv sin θ]+ E2
γ2ξ2
ieiϕ
)
γv sin θ
}
. (149)
Here the upper line orresponds to the dilaton exhange, the seond line  to the two-form and the last line to the
graviton exhange. The bulk ontribution after integration reads:
b
I (k) =
π2f2α
γξ
[
E1(γκξ − 1− iγv sin θ cosϕ) + iE2γv sin θeiφ
]
+
+
Gµ2π
γξ
[
E1(γv sin θ + κ sinφ− i cosφ) + E2ieiφ
]
2γκv sin θ. (150)
Consider rst the Cerenkov's threshold v = sinα, when the radiation one shrinks to θCh = 0. This orresponds
to κ = 1, ξ = 1/γ. Sine in this limit kd = 0, the exponents beome equal E1 = E2 and the bulk term vanishes.
The graviton ontribution to (148) vanishes too, while the dilaton and two-form ontributions diers only by the
oeients. The total radiation amplitude at the threshold will be given by
Ithr(k) =
α
8ω2
E1
(
3α2µ2 − 8π2f2) . (151)
Integrating the expression (139) for µ = 0 (the energy loss rate) over the angles in d3k = ω2dωd cos θdϕ, we obtain
the infrared-divergent integral over frequenies. Introduing the inverse orrelation distane ∆ as an infrared uto
parameter one nds:
Pthr = α
2
4π
(3α2µ2 − 8π2f2)2
∫ ∞
∆−1
dω
ω
exp(−2ωd
vγ
). (152)
In the BPS limit (71) one has
Pthr = µ
4α6
π
∫ ∞
∆−1
dω
ω
exp(−2ωd
vγ
). (153)
Integrating this over frequenies we obtain the total radiation rate in terms of the integral exponential funtion (see
Appendix):
Pthr = µ
4α6
π
Ei
(
1,
2d
vγ∆
)
. (154)
For small impat parameters d≪ vγ∆ this expression an be approximated by the logarithm
P ≈ µ
4α6
π
ln
(
vγ∆
2deC
)
, (155)
where C is the Euler onstant, eC = 1.781072418. For large impat parameters, d ≫ vγ∆, radiation exponentially
falls o:
Ei
(
1,
2d
vγ∆
)
≈ 2d
vγ∆
exp
(
− 2d
vγ∆
)
. (156)
For θ 6= 0 the radiation amplitudes are more ompliated. Note, that in our referene frame the rst string is at
rest while the seond one is moving. For this reason the radiation amplitudes are not symmetri with respet to two
strings. As it was observed in the previous setion, in the ultrarelativisti ase the frequeny range assoiated with
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the fator E2 is muh larger than that that with E1, and in this limit the E2 terms are dominant. Colleting the
dominant terms we obtain for the total amplitude of the dilaton emission in the ultrarelativisti ase
I(k) =
αE2
γ2ξ2ω2
{α2µ2
8
(
ie−iφ
γv sin θ
+ 2γξ
)
− π2f2
(
1 +
i cosα e−iφ
v sin θ
− iξγ2v sin θ eiφ
)
+
+µ2Gπiγv sin θ(1 + 2κγξ)eiφ
}
. (157)
Substituting this into (139) and taking into aount the angular peaking near φ = −π/2 we obtain the spetral-angular
distribution of radiation per unit length in the viinity of this diretion:
dP
dωdβ
=
32α2κ2
ω
(Ω1 +Ω2κ
2β2)2
(1 + κ2β2)4
exp
(
−ωd(1 + κ
2β2)
γκ
)
, (158)
where
Ω1 = 4Gµ
2κ2 + πf2κ Ω2 = 2Gµ
2κ2 + πf2κ+
α2µ2
4π
. (159)
Dividing by ω we will get also the number of emitted dilatons
dN
dωdβ
=
1
ω
dP
dωdβ
. (160)
Note, that the graviton, axion and dilaton exhange terms entering into the above expressions for the parameters Ω1,2
exhibit dierent behavior in the invariant Lorentz fator κ, the dominant as κ→∞ being the gravitational term.
The spetrum exhibits an infrared divergene, and in the forward diretion β = 0 it extends up to ω ∼ ωmax, where
ωmax =
γκ
d
. (161)
Integrating over frequenies with the infrared ut-o ∆−1 we obtain the angular distribution of radiation:
dP
dβ
= 32α2κ2
(Ω1 +Ω2κ
2β2)2
(1 + κ2β2)4
Ei
(
1,
d(1 + β2γκ)
γκ∆
)
. (162)
Sine the integral exponential funtion deays exponentially for large argument, the total radiation is peaked around
β = 0 within the angle
β .
√
γκ. (163)
One an also obtain the spetral distribution of radiation extending the integration domain over β in (158) to the full
axis in view of the exponential deay of the integrand:
dP
dω
= ω
dN
dω
2πα2d
3γ
[Ω21F1(z) + 2Ω1Ω2F2(z) + Ω
2
2F3(z)], (164)
where z = ωdγκ and the funtions Fi are expressed in terms of the probability integral (226):
F1(z) = (8z
2 − 16z + 30) e
−z
√
πz
− (8z2 − 12z + 18− 15
z
)erfc(
√
z),
F2(z) = (−8z2 − 8z + 6) e
−z
√
πz
+ (8z2 + 12z − 6 + 3
z
)erfc(
√
z), (165)
F3(z) = (8z
2 + 32z + 6)
e−z√
πz
− (8z2 + 36z + 18− 3
z
)erfc(
√
z).
For small frequenies ω ≪ γκ/d these funtions grows as
F1(z) ∼ 15
z
, F2(z) ∼ 3
z
, F3(z) ∼ 3
z
, (166)
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while for large z they exponentially deay:
F1(z) ∼ 48e
−z
√
πz3
, F2(z) ∼ − 57e
−z
2
√
πz5
, F3(z) ∼ 105e
−z
2
√
πz5
. (167)
To regularize the infrared divergene one has to introdue the ut-o length ∆. After integration over frequenies ω
from ∆−1 to innity we obtain the total dilaton radiation rate in the ultrarelativisti limit:
P = 2πα
2κ
3
[
(Ω21f1(y) + 2Ω1Ω2f2(y) + Ω
2
2f3(y))
]
, (168)
where three new funtions are introdued
f1(y) = 5f(y) + erfc(
√
y))
(
8
3
y3 − 6y2 + 18y + 37
2
)
− e
−y√y
π
(
8
3
y2 − 22
3
y + 23
)
, (169)
f2(y) = f(y)− erfc(√y)
(
8
3
y3 + 6y2 − 6y − 5
2
)
+
e−y
√
y
π
(
8
3
y2 +
14
3
y − 7
)
, (170)
f3(y) = f(y) + erfc(
√
y)
(
8
3
y3 + 18y2 + 18y +
1
2
)
− e
−y√y
π
(
8
3
y2 +
50
3
y + 11
)
, (171)
where
y =
d
γκ∆
, (172)
and the funtion f(y) is expressed through the generalized hypergeometri funtion (230)
f(y) = 12
√
y
π
2F2
(
1
2
,
1
2
;
3
2
,
3
2
;−y
)
− 3 ln (4yeC) . (173)
For small y these funtions grow as
f1(y) ∼ 15 ln 1
y
, f2,3(y) ∼ 3 ln 1
y
, (174)
while for large y they tend to zero in view of the asymptoti relation (233).
Similar expressions an be obtained for the total number of dilatons:
N = 2πα
2d
3γ
(Ω21F1(y) + 2Ω1Ω2F2(y) + Ω22F3(y)), (175)
where three more funtions are introdued
F1(y) = erfc(√y)
(
4y2 − 12y − 39 + 15
y
)
− e
−y
π
√
y
(
4y2 − 14y − 30)− 6f(y), (176)
F2(y) = erfc(√y)
(
−4y2 − 12y − 9 + 3
y
)
+
e−y
π
√
y
(
4y2 + 10y + 6
)− 2f(y), (177)
F3(y) = erfc(√y)
(
4y2 + 36y + 9 +
3
y
)
− e
−y
π
√
y
(
4y2 + 34y − 6)− 6f(y), (178)
tending to zero at innity, and
F1 ∼ 15
y
, F2,3 ∼ 3
y
(179)
for small y.
As we have noted, in the ultrarelativisti limit the dominant ontribution to radiation amplitude omes from the
graviton exhange term. Leaving only this ontribution we nd for the radiation rate:
P(φ) = 8
3
πG2α2µ4κ5g(y), (180)
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where
g(y) = 25f(y) + erfc(
√
y)
(
8
3
y3 − 30y2 + 114y+ 169
2
)
− e
−y√y
π
(
8
3
y2 − 94
3
y + 131
)
. (181)
Similary, for the dilaton number:
N (φ) = 8d
3γ
πG2α2µ4κ4G(y), (182)
G(y) = erfc(√y))
(
+4y2 − 60y − 183 + 75
y
)
− e
−y
π
√
y
(
4y2 − 62y − 150)− 38f(y). (183)
The orresponding numerial urves are shown on the Figs.7,8. For small y one has:
P(φ) = 200πG3α¯2µ4κ5 ln
(
γκ∆
d
)
, (184)
N (φ) = 200πG3α¯2µ4κ5∆, (185)
where we introdued the dimensionless dilaton oupling onstant. These quantities rapidly grow with inreasing
Lorentz fator of the ollision γ (reall that κ = γ cosα where α is the angle between the strings). Thus, Cerenkov
radiation is greatly enhaned for ultrarelativisti veloities.
D. Two-form radiation
After integration over the momentum q, the string ontribution to the two-form radiation amplitude (107) takes
the form:
st
I (k) =
4
√
2π3f3
µγv sin θ
(
E1(cosϕ−iκ sinϕ) + E2
γ2ξ2
[
(ivξγ2 sin θ − e−iϕ))+
+
α2fµπ
√
2
2γv sin θ
(
E1(i sinϕ− κ cosϕ) + E2
γ2ξ2
(
κe−iϕ − ivγ sin θ − 2γ3ξv2 sin2 θ cosϕ))+
+4
√
2π2fµGγv sin θ
(
E1(κ cosϕ+ i sinϕ) − E2
γ2ξ2
[
iγv sin θ + κeiϕ − 2 cosϕγξ]) . (186)
The bulk amplitude (107) will read:
b
I (k) =
(
α2fµπ
√
2
2
+ 4
√
2π2fµGγv sin θ
)(
E1
γξ
[(1 − 2γξ)γv sin θ cosϕ− i]+E2
ξ
(2v sin θ cosϕ− iξ)
)
. (187)
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Consider rst the Cerenkov threshold v = sinα. In the above expressions the graviton exhange term in the string term
vanishes, and the bulk term is zero. The remaining string amplitudes due to the dilaton and the two-form exhange
simplify as follows:
Ithr(k) =
iπf√
2µω2
E1
(
8π2f2 − 3α2µ2) . (188)
Substituting this into (140) and integrating over the angles we obtain the spetral distribution of the two-form
radiation on the Cerenkov threshold:
Pthr = πf
2
2µ2
(
8π2f2 − 3α2µ2)2 ∫ ∞
∆−1
dω
ω
exp
(
−2ωd
vγ
)
, (189)
where ∆ the infrared uto frequeny. After integration over frequenies one nds:
Pthr = 4(2π)
5f6
µ2
Ei
(
1,
2d
vγ∆
)
. (190)
For small impat parameters d≪ vγ∆ this expression an be approximated by
Pthr ≈ 4(2π)
5f6
µ2
ln
(
vγ∆
2deC
)
, (191)
for d≫ vγ∆ one an use
Ei
(
1,
2d
vγ∆
)
≈ 2d
vγ∆
exp
(
− 2d
vγ∆
)
. (192)
Now onsider the ase of the arbitrary Cerenkov angles in the ultrarelativisti limit. Leaving only the relativisti
string ontribution, we obtain:
I(k) =
fE2
γ2ξ2ω2
{4√2π3f2
µγv sin θ
(iγ2ξv sin θ − ie−iφ) + πµα
2
√
2
(
κ e−iφ + γv sin θ
γv sin θ
− iγ2ξ2
)
−
−4
√
2π2Gµ[i(1− κ2) + κγv sin θeiφ)− iγ2ξ2]
}
. (193)
Substituting this into (140) we obtain the spetral-angular distribution in the viinity of φ = π/2
dP
dωdβ
= ω
dN
dωdβ
=
64π4κ2f2
ω
χ2B(1 − κ2β2)2 + 4κ4β2(χhκ2 − χD)2
(1 + κ2β2)4
exp
(
−ωd(1 + κ
2β2)
γκ
)
, (194)
where
χD =
µα2
8π2
, χB =
f2
µ
, χh =
Gµ
π
. (195)
Integrating over the angles we get:
dP
dω
=
16π5d
3γ
[F4(z)χ
2
B + F2(z)(χhκ
2 − χD)2], (196)
dN
dω
=
16π5d2f2
3γ2κz
[F4(z)χ
2
B + F2(z)(χhκ
2 − χD)2], (197)
where
F4 = (8z
2 + 8z + 6)
e−z√
πz
− (8z2 + 12z + 6− 3/z)erfc(√z), (198)
and F2 is given by (165). For small and large frequenies one has:
F4(z) ∼ 3
z
, F4(z) ∼ 12e
−z
√
πz3
(199)
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respetively. Finally, integrating over frequenies we nd the total two-form radiation rate and the number of axions:
P(B) = 16π
5κf2
3
(
χ2Bf4(y) + (χhκ
2 − χD)2f2(y)
)
, (200)
N (B) = 16π
5df2
3γ
(
χ2BF4(y) + (χhκ2 − χD)2F2(y)
)
, (201)
where
f4(y) = f(y) + erfc(
√
y)
(
8
3
y3 + 6y2 + 5y +
7
2
)
− e
−y√y
π
(
8
3
y2 +
14
3
y + 5
)
, (202)
F4(y) = erfc(√y)
(
4y2 + 12y − 3 + 3
y
)
− e
−y
π
√
y
(
4y2 + 10y − 6)− 2f(y). (203)
For small y
F4 ∼ 3
y
, f4(y) ∼ 3 ln 1
y
, (204)
while for large y both funtions tend to zero.
The result of the alulation of the axion Cerenkov radiation in the at spae-time [40℄ is reprodued putting
χD = χh = 0. It reads
P(B)0 =
16π5κf6
3µ2
f4(y). (205)
In our ase the dominant ontribution omes form the graviton exhange. In the BPS limit one has
χD = χB, χh =
8
α¯2
χB, (206)
where α¯ is the dimensionless dilaton oupling onstant. For large κ the leading term is
P(B) = 2
10π5κ5f6
3α¯4µ2
f2(y). (207)
In the most interesting ase of small y f2 ≃ f4, so the the ratio
P(B)
P(B)0
=
64κ4
α¯4
(208)
an be large, e.g. for α¯ = 1 and κ = 5 it is equal to 4 · 107.
The dominant term for the number of axions is
N = 2
10π5κ4f6d
3γα¯4µ2
F2(y). (209)
The numerial urves f2(y), F2(y) are shown on Figs. 9, 10. For small y one has:
P(B) = 2
10π5κ5f6
α¯4µ2
ln
(
γκ∆
d
)
, (210)
N = 2
10π5κ5f6∆
α¯4µ2
. (211)
VIII. COSMOLOGICAL ESTIMATES
Cosmi strings are formed as a network of long strings of the size omparable to the horizon size. Colliding strings
interommute and form losed loop. At some stage the sale-invariant string network is formed onsisting of long
strings and loops whih move freely with relativisti veloities. Evolution of osmi superstring networks was reently
25
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disussed in [20℄-[24℄. In many respets osmi superstrings are similar to the gauge theory osmi strings, with some
distintions, however. In partiular, for gauge theory strings the probability of the formation of loops P is of the
order of unity, whereas for F-strings P ∼ 10−3 and for and D-strings P ∼ 10−1. The osmi superstring network
has a saling solution and the harateristi sale is proportional to the square root of the reonnetion probability.
A typial separation between two long strings is omparable to the horizon size t (we use the standard osmologial
units), ζ(t) ≃ √Pt. The results of numerial simulation show that the network of long strings reahes an energy
density
ρs =
µ√
Pt2
. (212)
Let us estimate the energy loss of long strings due to Cerenkov radiation of dilatons and axions. Consider an
ensemble of randomly oriented straight strings moving haotially in spae. Let hoose one target string between
them and introdue the Lorentz frame where it is at rest. Other strings will have dierent orientations and veloities,
and we an haraterize them very roughly as moving in three orthogonal diretions with equal probability. Sine the
dependene of the Cerenkov radiation on the inlination angle α is smooth, we an use for an estimate the partiular
result obtained for parallel strings (α = 0) introduing an eetive fration ν of almost parallel strings taking into
aount the eet of the angular spread. Assuming N to be the number of strings in the normalization volume V = L3,
we have to integrate the radiation energy released P in the ollision with the impat parameter d = x over the plane
perpendiular to the target string with the measure N/L2 · 2πxdx. To estimate the radiation power per unit time we
then have to divide the integrand by the impat parameter. Multiplying this quantity by the total number of strings
N to get the radiation energy released per unit time within the normalization volume, we obtain for the Cerenkov
luminosity:
QC =
∫ L
0
P ν N
L2
N
V
2πdx. (213)
For BPS strings we use as P the leading relativisti terms (180) and (207). Taking into aount that the string number
density is related to the energy density (212) via
N
V
=
ρs
µL
, (214)
and assuming for a rough estimate L ∼ ∆ ∼ t, where t is osmologial time, we obtain
Q
(φ)
C ≃
16
3
π2G3α¯2µ4γ7νS1(w)
1
Pt3
, (215)
Q
(B)
C ≃
211π6γ7f6ν
3α¯4µ2
S2(w)
1
Pt3
, (216)
where
S1(w) =
∫ w
0
g(y)dy, S2(w) =
∫ w
0
f2(y)dy, w =
L
γ2∆
. (217)
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The exat values of these integrals are given in the Appendix and shown on Figs.11,12. Note that the realisti value of
γ is of the order of unity, so applying our formulas obtained in the limit γ ≫ 1 is only an order of magnitude estimate.
Now we an alulate the energy density εC of Cerenkov radiation as a funtion of time in the radiation dominated
Universe. The energy density of massless elds sales with the Hubble parameter H as H−4, so we have to solve the
equation
dεC
dt
= −4HεC +QC , (218)
where H = 12t . Thus we obtain for the energy density of the Cerenkov dilaton and two-form radiation:
ε
(φ)
C ≃
16
3
π2G3α¯2µ4γ7νS1(w)
ln (t/t0)
Pt2
, (219)
ε
(B)
C ≃
211π6γ7f6ν
3α¯4µ2
S2(w)
ln (t/t0)
Pt2
, (220)
where t0 - the initial time of the long string formation. Finally, using the approximate formulas (236,237) valid in the
relativisti ase, we nd:
ε
(φ)
C ≃ 800π2G3α¯2µ4γ5 ln γ ν
ln (t/t0)
Pt2
, (221)
ε
(B)
C ≃
212π6f6γ5 ln γν
α¯4µ2
ln (t/t0)
Pt2
. (222)
Comparing the last expression for axions with the at spae result [40℄ we observe an enhanement due to higher
power of the Lorentz fator and bigger numerial oeient. This dierene is due to the fat that here the main
ontribution to the rst order interation between the strings omes from gravitational fore whih is proportional to
energy. In view of the previous analysis [40℄ we an onlude that Cerenkov radiation from long strings is non-negligible
eet in the osmi superstring network. More detailed analysis will be given elsewhere.
IX. CONCLUSION
In this paper we have studied in detail Cerenkov radiation from moving straight strings interating with dilaton,
two-form and gravity. Formation of the faster-than-light soures in the system of randomly oriented moving straight
strings is rather generi. As we have shown, these soures have a olletive nature and arise due to deformations of the
strings world-sheets aused by their interations via massless elds. These deformations propagate with superluminal
veloities if the inlination angle is suiently small, for parallel strings the soure veloity is innite. Radiation wave
vetors lie on the Cerenkov one in the same way as in the ase of Cerenkov radiation of point harges in dieletri
media.
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One interesting feature related to dimensionality of a string ompared to a point harge is the absene of gravitational
radiation in four spae-time dimensions. This is related to the fat that the spae transverse to the straight string is two-
dimensional, so the emitted massless elds must live in 1+2 dimensional spae-time rather than in four-dimensional.
As it is well-known, gravity in 1+2 dimensions does not ontain free gravitons, this is why one an expet gravitational
radiation from straight strings to vanish. In higher dimensions this objetion does not work, so Cerenkov gravitational
radiation an be expeted in spae-time dimensions higher than four. In four dimensions Cerenkov mehanism works
for the dilaton and the two-form eld whih is equivalent to a pseudosalar.
To avoid ompliations due to possibility of physial string intersetions (leading to the well studied proesses
of interommutation and formation of loops) we onsider the ollision of strings moving in parallel planes. At
eah instant of time there exists a point of minimal separation between the strings, and it is this point whih may
propagate with the superluminal veloity. When interation between the strings via dilaton, two-form and gravity is
taken into aount, strings get deformed in the viinity of this point, these deformations ontribute to an eetive
radiation soure. Another ontribution omes from tensions assoiated with the rst order elds whih give rise to
these deformations. The string deformations give ontributions loalized on the world-sheets, while the eld stresses
give bulk ontributions. Both have the same order of magnitude.
Cerenkov radiation from strings has some peuliar features in the highly relativisti region. We have shown that
in this ase radiation exhibits strong beaming on the Cherenkov one in the diretion of the fast string in the rest
frame of the target string. The main radiation frequeny is proportional to the inverse impat parameter, but in the
ultrarelativisti ase the spetrum is enhaned to high frequenies proportional to the square of the Lorentz-fator
of the ollision. It is shown that in this limit gravitational interation between string dominates and gives the main
ontribution to the eetive soures of dilaton and two-form radiation.
Cerenkov's mehanism an be regarded as an analog of the bremsstrahlung of point harges in eletrodynamis,
whih gives the main ontribution to radiation in plasma. In the string ase, however, there is another radiation
mehanism due to existene of the internal string dynamis: radiation from osillating loops. This eet is of the rst
order in ouplings between the string and massless elds. Cerenkov radiation arises only in the seond order in these
oupling, so presumably it is less important. But as we have shown here, it has stronger dependene on the Lorentz
fator of the string ollision, so it must beome dominant for highly relativisti strings. Also, in the osmi string
network it is a pairwise eet whih gives ontribution to the radiation loss proportional to the square of the density
of strings. Our rough osmologial estimates indiate that Cerenkov radiation is a non-negligible eet in the osmi
string ontext indeed.
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X. APPENDIX
Here we ollet properties of some speial funtions used in the main text.
A. Integral exponential funtion
The denition:
Ei(1, z) =
∞∫
z
etdt
t
. (223)
The series expansion:
Ei(1, z) = −C − ln z + z − z2/2 + z3/18− . . . , (224)
where C is Euler onstant, eC = 1.781072418.
The asymptoti expansion:
Ei(1, z) =
e−z
z
(
1− 1
z
+
2
z2
+ . . . .
)
. (225)
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B. Probability integral
The denition:
erf(z) =
2√
π
z∫
0
e−t
2
dt. (226)
The series expansion:
erf(z) =
2z√
π
(
1− z2/3 + z4/10− . . .) . (227)
The asymptoti expansion:
erfc(z) ≡ 1− erf(z) = e
−z2
√
πz
(
1− 1
2z2
+
3
4z2
− . . .
)
. (228)
In Se. 7 we used the following indenite integral:∫
erf(
√
z)
dz
z
= 4
√
z
π
2F2
(
1
2
,
1
2
;
3
2
,
3
2
;−z
)
, (229)
where
2F2 (α1, α2;β1, β2;x) =
∞∑
k=0
α1k, α2k
β1k, β2k
xk
k!
, αk = α(α+ 1) · · · (α+ k), . . . (230)
is the generalized hypergeometri funtion. To obtain an asymptoti behavior of the latter for z → ∞ we use the
following identity:
z∫
0
lnw
exp (−w)√
πw
dw = ln z erf(
√
z)− 4
√
z
π
2F2
(
1
2
,
1
2
;
3
2
,
3
2
;−z
)
, (231)
whih an be easily proved integrating by parts. Then taking into aount the integral∫ ∞
0
lnw
exp (−w)√
πw
dw = −C − 2 ln 2, (232)
we nd that for z →∞
4
√
z
π
2F2
(
1
2
,
1
2
;
3
2
,
3
2
;−z
)
≈ ln (4zeC) . (233)
Integration of the funtions g(y) dened in (181) and f2(y) dened in (170) over y an be performed analytially:
S1(w) =
∫ w
0
g(y)dy = 300
√
w
π
[
2F2
(
−1
2
,−1
2
;
1
2
,
3
2
;−w
)
− 2F2
(
−1
2
,−1
2
;
1
2
,
1
2
;−w
)]
+ 75w
(
1− ln (4weC))+ (169
2
w +
2
3
w4 + 57w2 − 10w3 − 189
8
)erfc(
√
w)−
− 1
12
e−y
√
y√
π
(
8w3 − 124w2 + 750w+ 567)+ 189
8
, (234)
S2(w) =
∫ w
0
f2(y)dy = 12
√
w
π
[
2F2
(
−1
2
,−1
2
;
1
2
,
3
2
;−w
)
− 2F2
(
−1
2
,−1
2
;
1
2
,
1
2
;−w
)]
+ 3w
(
1− ln (4weC))+ 1
24
(60w − 16w4 + 72w2 − 48w3 − 9)erfc(√w) +
+
1
24
e−y
√
y√
π
(
16w3 + 40w2 − 84w − 18)+ 3
8
. (235)
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For small arguments the leading terms are
S1(w) ≃ −75w lnw, (236)
S2(w) ≃ −3w lnw. (237)
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